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Abstract
We consider the non-extremal Reissner-Nordstrom black hole and
construct a wave packet that exhibits the Hawking radiation. We find
the average of the number of the created particles with respect to the
|0〉 vacuum state and with respect to Unruh type vacuum state. The
average of the number operator in the |0〉 vacuum state consists of
two terms: one is related to the Hawking radiation and the second is
not related. We use the same construction for the extremal RN black
hole and get that the average of the number operator with respect to
the |0〉 vacuum state is also a sum of two term, where the one related
to the Hawking radiation is equal to zero.
This result is consistent with other works on the Hawking radia-
tion for the extremal RN black hole.
Keywords: Hawking radiation; black holes; Reissner-Nordstrom.
Mathematics Subject Classification 2010: 83C57, 83C45, 81T20
1 Introduction
The phenomenon that the black hole emits quantum particles was discovered
by S.Hawking in the seminal paper [7] and it is called the Hawking radiation.
Any wave packet with the initial conditions having the support outside the
1
black hole produces some particles emission. The Hawking radiation refers
to the creation of particles intimately related to the black hole.
In [8] to get the Hawking radiation one takes the limit when the time
tends to −∞. A rigorous derivation of Hawking radiation by this way was
obtained by Fredenhagen and Haag in [6] for the case of Schwartzschield
black hole.
In [3] we developed a new approach to derive the Hawking radiation and
we apply this approach in this paper. We consider the case of two space
dimensions and we construct a special wave packet of the form
(ρ− r+)εe−a(ρ−r+)eiS(x0,ρ,ϕ) at x0 = 0,
where (ρ, ϕ) are polar coordinates, ρ > r+, r+ is the event horizon, S(x0, ρ, ϕ)
is an approximate eikonal function that tends to the infinity when ρ → r+.
Here constant a plays an important role since supp (ρ− r+)εe−a(ρ−r+) tends
to ρ = r+ when a→∞.
Normalizing the wave packet, considering the average of the number of
particles operator and taking the limit as a → ∞, we get the the Hawking
radiation.
Thus, taking the limit as a → ∞ is replacing the necessity of taking the
limit T → −∞ as in Fredenhagen-Haag approach.
There are two choices of selecting the vacuum state: 1) the vacuum state
|0〉 that was used in [7] and [8] and others, and 2) the Unruh type vacuum
state that was used in [3] (cf. also [10]). Note that the limit when a → ∞
of the average of the number operator with respect to |0〉 state is the sum
of two terms I+ and I−, where I+ corresponds to the Hawking radiation and
I− is not (cf. §3).
Note that in the case of the average of the number of particles with respect
to the Unruh type vacuum all terms correspond to the Hawking radiation
(cf. §4).
In §5 we consider the case of extremal RN black hole. It is shown that
the limit when a → ∞ of the average of the number operator with respect
to |0〉 vacuum also contains two terms I+ + I− and the one corresponding
to the Hawking radiation is zero. This is consistent with the conclusion of
other authors ([1], [2], [9]) that presents different arguments to conclude the
Hawking radiation for the extremal RN black hole is zero.
The plan of the paper is the following:
In §2 we present the elements of the second quantization as in the paper
[3] following mostly the lecture notes of Jacobson [8].
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In §3 we study not-extremal RN black holes when the vacuum state is
the |0〉 vacuum.
In §4 we consider not-extremal RN black holes when the vacuum state is
the Unruh type vacuum state.
In §5 we consider the extremal RN black holes when the vacuum states
are the |0〉 vacuum and the Unruh type vacuum state.
2 Elements of the quantum field theory
The Reissner-Nordstrom metric in the case of two space dimensions has the
following form in polar coordinates (ρ, ϕ) (cf. [4]):
(2.1)
ds2 =
(
1−2m
ρ
+
e2
ρ2
)
dx20−dρ2−ρ2 dϕ2−2
(2m
ρ
−e
2
ρ2
)
dx0dρ−
(2m
ρ
−e
2
ρ2
)
dρ2,
where m is the mass and e is the eletrical charge of the black hole. The
corresponding wave equation gu = 0 has the form
(2.2)
∂2u
∂x20
− ∂
2u
∂ρ2
− 1
ρ2
∂2u
∂ϕ2
−
(
− ∂
∂x0
+
∂
∂ρ
)
(f − 1)
(
− ∂
∂x0
+
∂
∂ρ
)
u = 0,
where
(2.3) f = 1− 2m
ρ
+
e2
ρ2
.
We have
f =
(ρ− r+)(ρ− r−)
ρ2
,
(2.4) r+ = m+
√
m2 − e2, r− = m−
√
m2 − e2,
When e2 < m2, r+ and r− are distinct real numbers and ρ = r+ and ρ = r−
are event horizons. The RN black hole is called not-extremal in this case. If
e2 = m2 then
(2.5) r+ = r− = m
is the only event horizon and RN hole is called extremal.
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We shall consider the Hawking radiation in the exterior of the black hole
ρ = r+ separately for not-extremal and extremal black holes.
First we shall briefly describe the quantum field theory for curved space-
time (cf. [8]) when the background metric is not-extremal or extremal RN
metric. Note that the symbol of (2.2) is
(2.6) (2− f)η20 + 2(f − 1)η0ηρ − fη2ρ −
1
ρ2
m′2.
We shall introduce, as in [3], an “orthonormal basis” of solutions of the wave
equation (2.2) and we will use the same notations as in [3].
Let f±k (x0, ρ, ϕ) be the solutions of (2.2) with the initial conditions
f±k (x0, ρ, ϕ)
∣∣
x0=0
= γke
ik·x(2.7)
∂f±k (x0, ρ, ϕ)
∂x0
∣∣
x0=0
= iλ∓0 (k)γke
ik·x(2.8)
where k = (ηρ, m
′), x = (ρ, ϕ), k · x = ρηρ +m′ϕ, and (cf. [3])
(2.9) γk =
1
√
ρ
(
η2ρ + a
2
) 1
4
1√
2 2pi
,
(2.10) λ±0 (k) =
−(f − 1)ηρ ±
√
η2ρ + a
2
2− f ,
where a is arbitrary.
Note that
(2.11) f+k (x0, ρ, ϕ) = f
−
−k(x0, ρ, ϕ),
since −λ+0 (−k) = λ−0 (k).
Introduce the Klein-Gordon (KG) inner product of any two solutions u, v
of (2.2):
(2.12) < u, v >= i
∫
x0=t
g
1
2
2∑
j=0
g0j
(
u¯
∂v
∂xj
− ∂u¯
∂xj
v
)
dx1dx2.
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Note that (2.12) is independent of t (cf. [8]) and in polar coordinates we
have (cf. (2.2) and (2.6))
(2.13) < u, v >= i
∫
x0=t
(2−f)
(
u¯
∂v
∂x0
− ∂u¯
∂x0
v
)
+(f−1)
(
u¯
∂v
∂ρ
− ∂u¯
∂ρ
v
)
ρdρdϕ.
It follows from (2.10) that
(2.14) (2− f)∂f
+
k
∂x0
+ (f − 1)∂f
+
k
∂ρ
= −i
√
η2ρ + a
2f+k + (f − 1)
1
2ρ
f+k
Thus, similarily to [3], we have
(2.15)
< f+k , f
+
k′ >= δ(k − k′), < f−−k, f−−k′ >= −δ(k − k′), < f+k , f−−k′ >= 0
for all k = (ηρ, m), k
′ = (η′ρ, m
′),
where
(2.16) δ(k − k′) = δ(ηρ − η′ρ)δmm′ .
Note that terms containing 1
2ρ
in (2.15) are canceled since 1
2ρ
is real. It follows
from (2.15), (2.16) that
{f+k (x0, ρ, ϕ), f−−k(x0, ρ, ϕ)}
form an “orthonormal” basis of solutions of (2.2).
Having the basis {f+k , f−−k} we can expend any solution C(x0, ρ, ϕ) of (2.2)
as
(2.17) C(x0, ρ, ϕ) =
∞∑
m=−∞
∞∫
−∞
(
C+(k)f+k (x0, ρ, ϕ) + C
−(k)f−−k
)
dηρ,
where
(2.18) C+(k) =< f+k , C >, C
−(k) = − < f−−k, C > .
We shall call C(x0, ρ, ϕ) a wave packet.
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Analogously, when Φ is the field operator (cf. [8]), we have
(2.19) Φ =
∞∑
m=−∞
∞∫
−∞
(
α+k f
+
k + α
−
−kf
−
−k
)
dηρ,
where
(2.20) α+k =< f
+
k ,Φ >, α
−
−k = − < f−−k,Φ > .
Operators α+k , α
−
−k are called the annihilation and the creation operators,
respectively. They satisfy commutation relations (cf. [8]):
(2.21) [α+k , α
−
−k′] = δ(k − k′)I, [α+k , α+k′] = 0, [α−−k, α−−k′] = 0,
I is the identity operator.
Let
(2.22) C± =
∞∑
m=−∞
∞∫
−∞
C±(k)f±±k(x0, x)dηρ,
Thus
(2.23) C = C+ + C−.
It follows from (2.17), (2.19) that
(2.24) < C,Φ >=
∞∑
m=−∞
∞∫
−∞
(
C+(k)α+k − C−(k)α−−k
)
dηρ.
The vacuum state |0〉 is defined (cf. [7]) by the conditions
(2.25) α+k |0〉 = 0 for all k,
i.e. |0〉 annihilates all annihilation operators.
Let N(C) be the number operator of particles created by the wave packet
C (cf. [8])
(2.26) N(C) =< C,Φ >∗< C,Φ >,
and let 〈0|N(C)|0〉 be the average number of particles.
As in [8] one have the following theorem (see Theorem 2.1 in [3]).
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Theorem 2.1. The average number of particles created by the wave packet
C is given by the formula
(2.27) 〈0|N(C)|0〉 =
∞∑
m=−∞
∞∫
−∞
|C−(k)|2dηρ,
where C− is the same as in (2.22).
3 The case of Hawking radiation for non-extremal
RN black hole in |0〉 vacuum state
First, we find the solution of the eikonal equation
(3.1)
(
2− f(ρ))Sˆ2x0 + 2(f(ρ)− 1)Sˆx0Sˆρ − f(ρ)Sˆ2ρ − 1ρ2 Sˆ2ϕ = 0
that tends to ∞ when ρ→ r+.
We assume Sˆx0 = −η0, Sˆϕ = m, η0 > 0. Then
(3.2) Sˆ±ρ =
(
f(ρ)− 1)η0 ±√(f − 1)2η20 + (2− f)fη20 − 1ρ2m2f
−f
=
(
f(ρ)− 1)η0 ±√η20 − fρ2m2
−f .
Therefore
(3.3) Sˆ−ρ =
(f(ρ)− 1)η0 −
√
η20 − f m2ρ2
−f =
−2η0
− (ρ−r+)(r+−r−)
r2+
+O(ρ− r+),
so
(3.4) Sˆ−ρ =
2η0r
2
+
(r+ − r−)(ρ− r+) +O(ρ− r+).
Thus,
(3.5) Sˆ− = −η0x0 +
2η0r
2
+
r+ − r− ln |ρ− r+|+mϕ+O(ρ− r+) for ρ > r+.
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As in [3] we define the wave packet Cˆ(x0, ρ, ϕ) as the exact solution of the
wave equation (2.2) having the following initial data at x0 = 0:
(3.6) Cˆ
∣∣
x0=0
= θ(ρ− r+) 1√
ρ
(ρ− r+)εe−a(ρ−r+) exp iξˆ0 ln |ρ− r+|+ imϕ,
(3.7)
∂Cˆ
∂x0
∣∣∣
x0=0
= iβˆCˆ
∣∣
x0=0
,
where a > 0, ε > 0,
(3.8) ξˆ0 =
2η0r
2
+
r+ − r− ,
(3.9) βˆ =
−f ξˆ0
ρ−r+
2− f .
For the convenience we take a > 0 in (3.6) equal to a > 0 in (2.9). Note that
(3.10) βˆ =
−f ξˆ0
ρ−r+
2− f =
−(ρ−r+)(ρ−r−)
r2+
· 2η0r2+
(r+−r−)(ρ−r+)
2
+O(ρ− r+)
= −η0 +O(ρ− r+).
Calculating the KG norm of Cˆ, we get , as in [3],
(3.11) < Cˆ, Cˆ >=
4piξˆ0Γ(2ε)
(2a)ε
.
Note that the terms containing the derivative of 1√
ρ
(ρ − r+)εe−a(ρ−r+) are
canceled since they are the derivatives of a real-valued function.
As in (3.4) in [5], we have
(3.12) Cˆ−(k) = − < f−−k, Cˆ >= Cˆ−1 (k) + Cˆ−2 (k),
where
(3.13) Cˆ−1 (k) = −i
∞∫
0
2pi∫
0
(
(2− f)∂f
+
k
∂x0
+ (f − 1)∂f
+
k
∂ρ
)
Cˆρdρdϕ
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and
(3.14) Cˆ−2 (k) = i
∞∫
0
2pi∫
0
f+k
(
(2− f) ∂Cˆ
∂x0
+ (f − 1)∂Cˆ
∂ρ
)
ρdρdϕ
Note that for x0 = 0
(
(2− f) ∂Cˆ
∂x0
+ (f − 1)∂Cˆ
∂ρ
)
(3.15)
=
[
− iξˆ0
ρ− r+ + (f − 1)
( ε
ρ− r+ − a−
1
2ρ
)]
Cˆ
∣∣
x0=0
,
where we used that
(3.16) (2− f)iβˆ + (f − 1) iξˆ0
ρ− r+ = −
iξˆ0
ρ− r+ .
Using (3.13), (3.14) we have (cf. (3.5), (3.6) in [5]):
(3.17)
Cˆ−2 (k) =
∞∫
0
2pi∫
0
eiρηρ+im
′ϕθ(ρ− r+)√
ρ(η2ρ + a
2)
1
4
√
2 2pi
(ρ− r+)ε√
ρ
( ξˆ0
ρ− r+−(f−1)
( −iε
ρ− r++ia
))
· e−a(ρ−r+)+iξˆ0 ln(ρ−r+) eimϕρ dρdϕ,
(3.18) Cˆ−1 (k) = −
∞∫
0
2pi∫
0
eiρηρ+im
′ϕ(η2ρ + a
2)
1
4
√
ρ
√
2 2pi
θ(ρ− r+)(ρ− r+)ε√
ρ
· e−a(ρ−r+)+iξˆ0 ln(ρ−r+)+imϕ ρdρdϕ, k = (ηρ, m′).
Note that the terms in Cˆ−1 + Cˆ
−
2 containing
1
2ρ
are cancelled (cf. (2.15)).
Integrating in ϕ and using the formula (cf. [5])
(3.19)
∞∫
0
eitηρtλe−atdt =
ei
pi
2
(λ+1)Γ(λ+ 1)
(ηρ + ia)λ+1
,
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we get
(3.20) Cˆ−2 (k) =
δm′,−m√
2
eir+ ηρ
ei
pi
2
(iξˆ0+ε)Γ(iξˆ0 + ε)(ξˆ0 − iε)
(η2ρ + a
2)
1
4 (ηρ + ia)iξˆ0+ε
+
δm′,−m√
2
eir+ ηρ
iaei
pi
2
(iξˆ0+ε+1)Γ(iξˆ0 + ε+ 1)
(η2ρ + a
2)
1
4 (ηρ + ia)iξˆ0+ε+1
+ δm′,−mO
( 1
|ηρ + ia|1+ε
)
,
(3.21) C−1 (k) = −
δm′,−m√
2
eir+ηρ
ei
pi
2
(iξˆ0+ε+1)Γ(iξˆ0 + ε+ 1)(η
2
ρ + a
2)
1
4
(ηρ + ia)iξˆ0+ε+1
,
where δm1,m2 = 1 when m1 = m2 and δm1,m2 = 0 when m1 6= m2. Note that∣∣eipi2 (iξˆ0+ε)∣∣ = e−pi2 ξˆ0 , Γ(iξˆ0 + ε + 1) = (iξˆ0 + ε)e−pi2 ξˆ0Γ1(iξˆ0 + ε),
Γ1 is bounded, Γ1 = i
∞∫
0
e(iξˆ0+ε−1) ln y+i(ε−1)
pi
2
−iydy. We have
(3.22) |Cˆ−|2 = |Cˆ−1 + Cˆ−2 |2
=
δm′,−m
2
∣∣∣ ξˆ0 − iε
(η2ρ + a
2)
1
4
+
ia(−ξ0 + iε)
(η2ρ + a
2)
1
4 (ηρ + ia)
− i(iξˆ0 + ε)(η
2
ρ + a
2)
1
4
ηρ + ia
∣∣∣2
· e−2piξˆ0 |Γ1(iξˆ0 + ε)|2e2ξˆ0 arg(ηρ+ia)(η2ρ + a2)−ε + δm′,−mO
(|ηρ + ia|−2−2ε)
=
δm′,−m
2
|ξˆ0 − iε|2
∣∣∣ ηρ
(η2ρ + a
2)
1
2
+ (η2ρ + a
2)
1
4
∣∣∣2
· e−2piξˆ0 |Γ1(iξˆ0 + ε)|2e2ξˆ0 arg(ηρ+ia)|ηρ + ia|−2ε−2
+ δm′,−mO
(|ηρ + ia|−2−2ε).
Therefore integrating in ηρ, summing in m
′ and changing ηρ = aη′ρ we get
(3.23) 〈0|N(Cˆ)|0〉 = a−2ε
∞∫
−∞
Cˆ3(η
′
ρ)dη
′
ρ +O
(
a−2ε−1
)
,
where
(3.24) Cˆ3(ηρ) =
1
2
e−2piξˆ0 |Γ1(iξˆ0 + ε)|2 |ξˆ0 + iε|2
∣∣∣ ηρ
(η2ρ + 1)
1
4
+ (η2ρ + 1)
1
4
∣∣∣2
· e2ξˆ0 arg(ηρ+i)(η2ρ + 1)−ε−1.
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Let Cˆn =
Cˆ
<Cˆ,Cˆ>
1
2
. Thus < Cˆn, Cˆn >= 1. Therefore, taking into account
(3.11), we get:
(3.25) lim
a→∞
〈0|N(Cˆn)|0〉 = 2
ε
4piΓ(2ε)
∞∫
−∞
1
ξˆ0
Cˆ3(ηρ)dηρ.
Note that Cˆ3(ηρ) in (3.25) is identical to the C3(ηρ) in (3.13) in [5] after we
replace ξ0|A| by ξˆ0.
Let
I+ =
2ε
4piΓ(ε)
∞∫
0
1
ξˆ0
Cˆ3(ηρ)dηρ, I− =
2ε
4piΓ(ε)
0∫
−∞
1
ξˆ0
Cˆ3(ηρ)dηρ,
i.e.
(3.26) lim
a→∞
〈0|N(Cˆn)|0〉 = I+ + I−.
As it is shown in the end of §3 in [5], I+ = O(e−piξˆ0) and I− = O(ξˆ1−δ(1+2ε)0 ),
0 < δ < 1.
The integral I+ gives the contribution to the Hawking radiation and the
contribution of I− is unrelated to the Hawking radiation.
4 The Hawing radiation for not-extremal RN
black hole in the Unruh type vacuum
Consider the equation (2.2) with r+ > r−, i.e. the case of not-extremal RN
equation.
When using the vacuum state |0〉 we get that the average number of
created particles consists of two parts: the part related to the Hawking radi-
ation and the part that is not related. In this section we introduce another
vacuum state that is called the Unruh type vacuum state. The average num-
ber of particles in this vacuum state consists only of particles related to the
Hawking radiation.
To introduce the Unruh type vacuum state, we will split, as in [3]:
f++k = f
+
k θ(ηρ), f
+−
k = f
+
k
(
1− θ(ηρ)
)
,(4.1)
f−+−k = f
−
−kθ(ηρ), f
−−
−k = f
−
−k
(
1− θ(ηρ)
)
,(4.2)
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where θ(ηρ) = 1 when ηρ > 0, θ(ηρ) = 0 when ηρ < 0. Analogously, we
define α++k , α
+−
k , α
−+
−k , α
−−
−k . Therefore
(4.3) Φ =
∞∑
m=−∞
∞∫
−∞
(
α++k f
++
k + α
+−
k f
+−
k + α
−+
−k f
−+
−k + α
−−
−k f
−−
−k
)
dηρ,
and
(4.4)
C =
∞∑
m=−∞
∞∫
−∞
C++(k)f++k + C
+−(k)f+−k + C
−+(k)f−+−k + C
−−(k)f−−−k
)
dηρ,
where (cf. (4.1))
C++(k) = C+θ(ηρ), C
+−(k) = C+(1− θ(ηρ),(4.5)
C−+(k) = C−θ(ηρ), C−− = C−(1− θ(ηρ)).
As in [3] (cf. [10]), we define the Unruh type vacuum state |Ψ〉 by the
conditions
(4.6) α++k |Ψ〉 = 0, α−−−k |Ψ〉 = 0, ∀k.
It follows from (4.3), (4.4) that
(4.7)
< C,Φ >=
∞∑
m=−∞
∞∫
−∞
(
C++(k)α++k +C
+−(k)α+−k −C−+(k)α−+−k −C−−(k)α−−−k
)
dηρ,
The operator of the number of particles created by the wave packet C is
equal to (cf. [8])
(4.8) N(C) =< C,Φ >∗< C,Φ > .
The average number of created particles is
〈Ψ|N(C)|Ψ〉.
Exactly as in [3] we get (see Theorem 2.1 in [3])
(4.9) 〈Ψ|N(C)|Ψ〉 =
∞∑
m=−∞
∞∫
−∞
(
− |C+−(k)|2 + |C−+(k)|2
)
dηρ.
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Let Cˆ(x0, ρ, ϕ) be the same wave packet as in §3 (see (3.6), (3.7), (3.8), (3.9)).
To compute the average number of particles created by the wave packet
Cˆ we need to compute Cˆ+−(k) and Cˆ−+(k). Cˆ−+(k) was computed in §3.
Thus it remains to compute Cˆ+−(k).
We have
(4.10) Cˆ+−(k) = Cˆ+−1 (k) + Cˆ
+−
2 (k),
where Cˆ+−(k) =< f+−k , Cˆ >.
Analogously to (3.13), (3.14), we have
(4.11) Cˆ+−1 (k) = i
∞∫
0
2pi∫
0
(
(2− f)∂f
+−
k
∂x0
+ (f − 1)∂f
+−
k
∂ρ
)
Cˆρdρdρdϕ,
(4.12) Cˆ+−2 (k) = −i
∞∫
0
2pi∫
0
f+−k
(
(2− f) ∂Cˆ
∂x0
+ (f − 1)∂Cˆ
∂ρ
)
ρdρdρdϕ.
Therefore Cˆ+−1 and Cˆ
+−
2 have the form:
(4.13) Cˆ+−1 (k) = −
∞∫
0
2pi∫
0
(η2ρ + a
2)
1
2
2pi
√
2
√
ρ
e−iρηρ−im
′ϕ
· θ(ρ− r+)(ρ− r+)
ε
√
ρ
e−a(ρ−r+)+iξˆ0 ln(ρ−r+)+imϕρdρdϕ,
(4.14) Cˆ+−2 (k) = −
∞∫
0
2pi∫
0
e−iρηρ−im
′ϕ
2pi
√
2
√
ρ(η2ρ + a
2)
1
2
θ(ρ− r+)(ρ− r+)εe−a(ρ−r+)
· eiξˆ0 ln(ρ−r+)+imϕ
( ξˆ0
ρ− r+ − (f − 1)
( iε
ρ− r+ − ia
))
ρdρdϕ.
Integrating in ϕ and using the formula (cf. [3]))
(4.15)
∞∫
0
e−iηρttλe−atdt =
Γ(λ+ 1)e−i
pi
2
(λ+1)
(ηρ − ia)λ+1 ,
13
we get
(4.16) Cˆ+−1 (k) = −
δm,−m′√
2
(η2ρ + a
2)
1
4 e−ir+ ηρΓ(iξˆ0 + ε+ 1)
(ηρ − ia)iξˆ0+ε+1
e−
ipi
2
(iξˆ0+ε+1),
(4.17)
Cˆ+−2 (k) = −
δm,−m′√
2
e−ir+ηρ
Γ(iξ0 + ε)e
− ipi
2
(iξˆ0+ε)
(η2ρ + a
2)
1
4 (ηρ − ia)iξˆ0+ε
(
ξˆ0− iε+ iae
−ipi
2 (iξˆ0 + ε)
ηρ − ia
)
Note that the terms − 1
2ρ
fˆ+−k Cˆ in (2.12) are canceled.
Therefore, for ηρ < 0 we have
(4.18) |Cˆ+−1 + Cˆ+−2 |2 =
δm,−m′
2
|Γ1(iξˆ0 + ε)|2e
ξˆ0
(
−2pi+2 sin−1 a√
η2ρ+a
2
)
|ηρ − ia|2ε
·
∣∣∣(ξˆ0 − iε)(η2ρ + a2) 14
ηρ − ia +
ξˆ0 − iε
(η2ρ + a
2)
1
4
(
1 +
ia
ηρ − ia
)∣∣∣2 +O( 1
(ηρ − ia)2ε+2
)
=
δm,−m′
2
|Γ1(iξˆ0 + ε)|2e
−2piξˆ0+2ξˆ0 sin−1 a√
η2ρ+a
2
|ηρ − ia|2ε+2 |ξˆ0 − iε|
2
·
∣∣∣(η2ρ + a2) 14 + ηρ
(η2ρ + a
2)
1
2
∣∣∣2 +O( 1
(ηρ − ia)2ε+2
)
Note that
(4.19)
∣∣∣(η2ρ + a2) 14 + ηρ
(η2ρ + a
2)
1
2
∣∣∣2 − ∣∣∣(η2ρ + a2) 14 + −|ηρ|
(η2ρ + a
2)
1
2
∣∣∣2 = 4ηρ
when ηρ > 0. Therefore
(4.20)
∞∫
0
|C−+|2dηρ −
0∫
−∞
|C+−|2dηρ
= 2δm,−m′ |ξˆ0−iε|2e−2piξˆ0 |Γ1|2
∞∫
0
ηρ
(η2ρ + a
2)ε+1
e
2ξˆ0 sin−1
a√
η2ρ+a
2
dηρ+O(a
−2ε−1).
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Finally, normalize Cˆ, i.e. replace Cˆ by
(4.21) Cˆn =
Cˆ
< Cˆ, Cˆ >
1
2
,
make change of variables ηρ = aη
′
ρ and use (3.11). Then we will get, as in
Theorem 3.1 in [3], that
(4.22) lim
a→∞
〈Ψ|N(Cˆn)|Ψ〉 = 2
ε e−2piξˆ0 |Γ1|2
2piΓ(ε)
· (ξˆ
2
0 + ε
2)
ξˆ0
0∫
−∞
|ηρ|
(η2ρ + 1)
ε+1
e
2ξˆ0 sin−1
1√
η2ρ+1dηρ.
Therefore we proved that the Hawking radiation for non-extremal RN black
hole has the same form as the Hawking radiation for the rotating acoustic
black hole with ξˆ0 =
2η0r2+
r+−r− replacing ξ0|A| =
(
η0 − Bm|A|2
)|A|.
The proof given here is slightly different from the proof in [3] since we
wanted to use the fact that
∞∫
0
|Cˆ−+|2dηρ is already computed in §3.
5 The Hawking radiation for extremal RN
black hole
In the case of two space dimensions one have the wave equation (3.3) when
e2 = m2. Thus
(5.1) r+ = r− = m.
In particular,
(5.2) f = 1− 2m
ρ
+
e2
ρ2
=
(
1− m
ρ
)2
.
We shall treat the extremal RN case following the prescription of §3.
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We start with the eikonal that tends to ∞ when ρ → m (cf. (3.3)). We
have
(5.3) S˜−ρ =
(
f(ρ)− 1)η0 −√η20 − fm′2ρ2
−f
=
−2η0
− (ρ−m2)
ρ2
+O(ρ−m) = 2η0m
2
(ρ−m)2 +O(ρ−m),
where η0 > 0, m
′ ∈ Z. Therefore the eikonal S˜− has the form
(5.4) S˜− = −η0x0 − 2η0m
2
ρ−m +O(ρ−m) +m
′ϕ.
As in §3 we use the approximation of S˜− to construct the wave packet
C˜(x0, ρ, ϕ) as the exact solution of (2.2) with the following initial data
(5.5) C˜
∣∣
x0=0
= θ(ρ−m) 1√
ρ
(ρ−m)εe−a(ρ−m)e− iξ˜0ρ−m+im′ϕ,
(5.6)
∂C˜
∂x0
∣∣∣
x0=0
= iβ˜C˜
∣∣
x0=0
,
where
(5.7) ξ˜0 = 2η0m
2,
(5.8) β˜ =
−f ξ˜0
(ρ−m)2
2− f .
Note that
(5.9) (2− f)β˜ + (f − 1) ξ˜0
(ρ−m)2 =
−ξ˜0
(ρ−m)2 .
Note also that
(5.10) (2− f) ∂C˜
∂x0
∣∣∣
x0=0
+ (f − 1)∂C˜
∂ρ
=
[
(2− f)iβ˜ + (f − 1)
( iξ˜0
(ρ−m)2 +
ε
ρ−m − a−
1
2ρ
)]
C˜
∣∣
x0=0
.
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Using (3.9), (3.10) we shall compute, as in [3], the KG norm of C˜:
< C˜, C˜ >=
2pi∫
0
∞∫
m
(ρ−m)2εe−2a(ρ−m) 2ξ˜0
(ρ−m)2dρdϕ(5.11)
= 4piξ˜0
∞∫
0
t2ε−2e−2atdt =
4piξ˜0
(2a)2ε−1
Γ(2ε− 1),
where we assume that ε > 1
2
.
Now we compute
(5.12) 〈0|N(C˜)|0〉 =
∞∑
m′=∞
∞∫
−∞
|C−(k)|2dηρ.
As in (3.10) of [3], we have
(5.13) C˜−(k) =< f+k , C˜ >= C˜
−
1 (k) + C˜
−
2 (k).
Analogously to (3.13)–(3.16), we get
(5.14) C˜−1 (k) = −
∞∫
0
2pi∫
0
(
η2ρ + a
2
) 1
4
√
2 2pi
√
ρ
eiρηρ+im
′ϕθ(ρ−m)(ρ−m)
ε
√
ρ
e−a(ρ−m)
· e− iξ˜0ρ−mˆ+im′′ϕρdρdϕ,
where m′, m′′ are integers. We used in (5.14) (cf. (2.15)) that
(5.15) (2− f)∂f
+
k
∂x0
+ (f − 1)∂f
+
k
∂ρ
= −i
√
η2ρ + a
2f+k − (f − 1)
(
− 1
2ρ
)
f+k .
Analogously,
(5.16) C˜−2 =
∞∫
0
2pi∫
0
1
√
2 2pi
(
η2ρ + a
2
) 1
4
eiρηρ+im
′ϕθ(ρ−m)(ρ−m)ε
· e−a(ρ−m)e− iξ˜0ρ−m+im′′ϕ
[ ξ˜0
(ρ−m)2 + i(f − 1)
( ε
ρ−m − a−
1
2ρ
)]
dρdϕ.
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In (3.15) and (3.16) we will drop terms containing − 1
2ρ
, since they will cancel
each other when we will take the sum C˜−1 and C˜
−
2 . Integrate in ϕ in (5.14)
and (5.16) and change ρ = m+ t. We get
(5.17) C˜−1 =
−δm′,−m′′
(
η2ρ + a
2
) 1
4
√
2
eimηρ A1(ηρ, ξ˜0, a),
(5.18) C˜−2 =
δm′,−m′′
(
η2ρ + a
2
)− 1
4
√
2
eimηρ A2(ηρ, ξ˜0, a),
where
(5.19) A1(ηρ, ξ˜0, a) =
∞∫
0
eitηρtεe−at−
iξ˜0
t dt,
(5.20) A2(ηρ, ξ˜0, a) =
∞∫
0
eitηρtεe−at−
iξ˜0
t
[ ξ˜0
t2
+ i(f − 1)
(ε
t
− a
)]
dt,
When ηρ > 0 make in (5.19), (5.20) change of variables
(−iηρ + a)t = τ.
We get
(5.21) A1 = (−iηρ + a)−ε−1
∫
Γiηρ+a
τ εe−τe
(−ξ˜0ηρ−iaξ˜0
τ dτ,
where Γiηρ+a is the ray {(−iηρ + a)t, t ≥ 0}.
Using the Cauchy integral theorem we transform (5.21) to the integral
over positive semi axis:
(5.22) A1 = (−iηρ + a)−ε−1
∞∫
0
τ εe−τe
−ξ˜0ηρ−iaξ˜0
τ dτ,
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Note that −ξ˜0ηρ < 0 since ηρ > 0. Changing coordinates as in (5.21) and
using the Cauchy theorem, we get from (5.20)
(5.23) A2 = ξ˜0(−iηρ + a)−ε+1
∞∫
0
τ ε−2e−τe
−ξ˜0ηρ−iaξ˜0
τ
·
[
1 +O((−iηρ + a)−1τ) +O((−iηρ + a)−2τ 2a
)]
dτ,
where ε > 1.
If C˜n =
C˜
<C˜,C˜>
1
2
is the normalized wave packet then
(5.24) 〈0|N(Cn)|0〉 =
∞∑
m′=−∞
< C˜, C˜ >−1
∞∫
−∞
|C˜−1 + C˜−2 |2dηρ,
We compute first
∞∑
m′=−∞
< C˜, C˜ >
1
2
∞∫
0
|C˜−1 |2dηρ. It follows from (5.11) and
(5.22) that
∞∑
m′=−∞
< C˜, C˜ >−1
∞∫
0
|C˜−1 |2dηρ
(5.25)
≤ C
∞∫
0
a2ε−1|η2ρ + a2|
1
2
| − iηρ + a|2ε+2dηρ ≤ C
∞∫
0
dηρ
| − iηρ + a|2 → 0 when a→∞.
To compute the term containing |A2|2 we need the integration by parts.
We have
(5.26)
d
dτ
e−
iξ˜0
τ
(−iηρ+a) =
iξ˜0(−iηρ + a)
τ 2
e−
iξ˜0
τ
(−iηρ+a).
Substituting (5.26) in (5.23) and integrating by parts in τ , we get
(5.27) A2 = ξ˜0(−iηρ + a)−ε+1 · O
( 1
−iηρ + a
)
.
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Therefore
(5.28)
∞∑
m′=−∞
< C˜, C˜ >−1
∞∫
0
|C˜−2 |2dηρ ≤ C
∞∫
0
a2ε−1dηρ
| − iηρ + a|2ε(η2ρ + a2)
1
4
≤ C
∞∫
0
dηρ
| − iηρ + a|2 → 0 when a→∞.
Consider now < C˜, C˜ >−1
∞∑
m′=−∞
0∫
−∞
|C˜−1 + C˜−2 |2dηρ.
Making the changes of variables
(5.29) τ = at, η′′ρ =
ηρ
a2
,
we get from (5.19)
(5.30) A1(a
2η′′ρ , ξ˜0, a) = a
−ε−1
∞∫
0
eiaη
′′
ρ τ−τ− iξ˜0aτ τ εdτ.
Apply the stationary phase method to the integral
(5.31)
∞∫
0
eiaγ(τ,η
′′
ρ )−τ τ εdτ,
where
(5.32) γ(τ, ηρ) = η
′′
ρτ −
ξ˜0
τ
.
The critical point γτ (τ0, η
′′
ρ) = 0 is η
′′
ρ +
ξ˜0
τ20
= 0, i.e. τ0 =
√
ξ˜0√
−η′′ρ
.
Note that η′′ρ < 0. Since
(5.33) γ′′τ (τ, η
′′
ρ) =
−2ξ˜0
τ 30
= −2ξ˜−
1
2
0 |η′′ρ |
3
2 ,
we have
(5.34)
∞∫
0
eiaγ(τ,η
′′
ρ )e−ττ εdr =
√
pi
a
eiaγ(τ0 ,η
′′
ρ )−ipi4√
2ξ˜
− 1
2
0 |η′′ρ |
3
2
e
−
(
ξ˜0
|η′′ρ |
) 1
2 ( ξ˜0
|η′′ρ |
) ε
2
+O
(1
a
)
.
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Therefore,
lim
a→∞
< C˜, C˜ >−1
∞∑
m′=−∞
0∫
−∞
|C˜−1 |2dηρ
(5.35)
= lim
a→∞
C ′
0∫
−∞
a2a2ε−1(a4η′′2ρ + a
2)
1
2a−2ε−2
1
a
[
ξ˜
1
2
0 |η′′ρ |−
3
2 e
−2
(
ξ˜0
|η′′ρ |
) 1
2 ( ξ˜0
|η′′ρ |
)ε
+O
(1
a
)]
dη′′ρ
=C ′
0∫
−∞
e
−2
(
ξ˜0
|η′′ρ |
) 1
2 ( ξ˜0
|η′′ρ |
)ε+ 1
2
dη′′ρ
where C ′ in (5.35) and below means various constants independent of ξ˜0.
Changing in (5.35) η′′ρ = ξ˜0η˜ρ we get that the right hand side of (5.35) is
equal to C ′ξ˜0. Analogously consider (5.20). Note that
(5.36) f(ρ) = f(m+ t) = − 2m
m+ t
+
m2
(m+ t)2
.
Thus A2(ηρ, ξ˜0, a) behaves similarly to A1(ηρ, ξ˜0, a).
Make changes of variables (5.29) in (5.20) and compute the stationary
phase integral
(5.37)
∞∫
0
eiaη
′′
ρ τ−ia ξˆ0τ e−ττ ε−2
(
ξˆ0 + i(f − 1)
(ε
a
τ − τ
2
a
))
dτ.
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Thus
< C˜, C˜ >−1
∞∑
m′=−∞
0∫
−∞
|C−2 |2dηρ(5.38)
= C ′
0∫
−∞
a2ε−1
(a4η′′2ρ + a2)
1
2
· ξ˜
2
0
a2(ε−1)
· 1
(
√
a)2
ξ˜
1
2
0 |η′′ρ |−
3
2
· e−2
(
ξ˜0
|η′′ρ |
) 1
2 ( ξ˜0
|η′′ρ |
)ε−2(
1 +O
(1
a
))
a2dη′′ρ
= C ′
0∫
−∞
ξ˜20
|η′′ρ |2
( ξ0
|η′′ρ |
) 1
2
e
−2
(
ξ˜0
|η′′ρ |
) 1
2 ( ξ˜0
|η′′ρ |
)ε−2(
1 +O
(1
a
))
a2dη′′ρ
Taking the limit when a→∞ and changing η′′ρ = ξ˜0η˜ρ, we get
(5.39) lim
a→∞
∞∑
m′=−∞
< C˜, C˜ >−1
0∫
−∞
|C˜−2 |2dη˜ρ
= C ′ξ˜0
0∫
−∞
1
|η˜′′ρ |2+
1
2
e
− 2
|η˜ρ|
1
2
1
|η˜ρ|ε−2dη˜ρ = C
′ξ˜0.
Analogously, lima→∞ < C˜, C˜ >−1
∫ 0
−∞ 2ℜ(C−1 C−2 )dηρ = C ′ξ˜0. Therefore
(5.40) lim
a→∞
< C˜, C˜ >−1
∫ 0
−∞
|ˆˆC−1 + C−2 |2dηρ = C ′ξ˜0.
Thus we have
lim
a→∞
〈0|N(C˜n)|0〉 = I1 + I2,
where I1 is the integral over
∞∫
0
and I2 is the integral over
0∫
−∞
.
We have proved that I1 = 0 and I2 = C
′ξ˜0 6= 0. Note that I1 is the portion
of the average number of particles that related to the Hawking radiation.
Remark 5.1. Consider the Hawking radiation for the extremal RN
black hole when the vacuum state is the Unruh type vacuum state as in §4.
22
Then formula (4.9) holds with C−+(k) and C+−(k) replaced by C˜−+(k) and
C˜+−(k), respectively.
Normalizing C˜(k) and taking the limit as a→∞ we get (see (5.25) and
(5.28)) that the contribution of C˜−+(k) to the Hawking radiation is zero.
Similarly computations show that the contribution of C˜+−(k) is also zero.
Thus
(5.41) lim
a→∞
〈Ψ|N(C˜n)|Ψ〉 = 0.
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